Remanufacturing is a product recovery process that transforms a used product into "like-new" condition. It can extend the useful life of a product and help in reducing waste caused by a huge amount of short life-cycle products. Pricing decisions are an important aspect of successful remanufacturing and can secure the profitability of a firm. Remanufacturing for end-of-use products needs to cope with high uncertainties in terms of the quality and quantity of the acquired product returns. Therefore, after inspection, only a fraction of returns can be recovered through remanufacturing operations. This uncertainty in recovery yield influences the decisions impacting acquisition, wholesale, and retail prices. We propose a pricing model that accommodates the random yield effect of product returns on pricing decisions for short life-cycle products in a closed-loop supply chain. The system consists of a retailer, a manufacturer, and a collector of used-products. We apply a sequential decision approach to determine the optimum pricing decision to maximize supply chain profit, according to a pricing game that places the manufacturer as a Stackelberg leader. We demonstrate the effect of changing parameter values on the wholesale and retail prices as well as on the profitability. The results indicate that the profitability of each player and the supply chain as a whole is affected by the quality of the collected used products, the acquisition price, the shortage penalty, and the remanufacturing costs. Interestingly, reducing variance of random yield results in lower profit for the collector even though the other players and the whole supply chain are better off.
Introduction
Due to recent developments, product life cycles have been becoming shorter and shorter, especially for technology-based products. Coupled with an increasing obsolescence in function and desirability, short life cycle products have created a huge amount of waste. Remanufacturing is a product recovery process that transforms used products into "likenew" condition. It can extend a product's useful life and help in reducing waste. There are three motives for remanufacturing that are often cited in the literature: ethical and moral responsibility, regulation, and profitability [1] . The first motive is relatively weak compared with the others, a fact that was originally noted by Ferrer and Guide [2] . The second motive relies on government regulation, which may not apply to some countries or states. The importance of profitability, however, is supported by several studies [3] [4] [5] [6] . There are three key activities in the reverse supply chain, as noted by Guide and Wassenhove [7] . They include the management of product return, issues in remanufacturing operations, and issues in remarketing the remanufactured product. Furthermore, these researchers find that the business perspective, including pricing, which is part of the market development activity, is an area that needs to be explored further.
The pricing decision is an important aspect of a successful remanufacturing project and can secure the profitability of a firm. Atasu et al. [8] find that cannibalization towards new products is not always occurred when remanufactured product is presented. Managers who understand the composition of their markets and use a proper pricing strategy should be able to create additional profit. In a similar manner, Souza [9] notes that there are two implications when manufacturer offers remanufactured product alongside new product i.e. a market expansion effect or a cannibalization effect; hence making the pricing of the two products a critical issue. Therefore, pricing decision is very important in achieving economic advantages from remanufacturing practices.
To sustain the remanufacturing activity, not only the price should be right to ensure that the demand is large enough, but also the inputs for the remanufacturing process should be available with sufficient quantity, at acceptable quality, and in an appropriate time. However, unlike the remanufacturing of consumer and business-to-business (B2B) returns, the remanufacturing of end-of-use products needs to cope with high uncertainties in terms of the quality, quantity, and timing of the acquired product returns. After the collected used products are inspected, only a fraction of the returns can be used in a remanufacturing operation. If the collected returns are insufficient or their quality is low, the remanufacturing activity maybe below the economies of scale and leaving significant remanufacturing capacity idle. There has been discussion on how quality of collected returns may affect the performance of firms in a closed-loop supply chain. As an example, Ford's attempt to enter the automotive recycling industry via Greenleaf LLC resulted in failure due to problems in the quality of the collected returns. A manager at Ford, James L. Richardson, stated that the value of the materials they bought was lower than the value for which they actually paid [10] . Higher quality returns can reduce remanufacturing cost, consume less production capacity and have higher salvage value [9] . Random yield of product returns also influences the decisions in acquisition price and selling price [10] . It is not quite obvious however, how the quality of collected returns affect the behavior of closed-loop supply chain players in a more complex problem setting, especially when more parties are involved and the products handled are short life in nature.
This paper accommodates the effect of the random recovery yield of product returns on pricing decisions for short life-cycle products in a closed-loop supply chain. We consider a closed-loop supply chain that consists of a manufacturer, a retailer, and a collector in a pricing game under Stackelberg leadership with manufacturer as the leader. The collector obtains used products (cores) from the customers and then sells them to the manufacturer with a certain transfer price. A random recovery yield variable is introduced, which represents the fraction of returns that are remanufacturable. Cores not acceptable for remanufacturing would be sold by the collector to another party with a certain salvage value. We also introduce a shortage penalty as an attempt to entice the collector to obtain sufficient recoverable returns. Thus, when making decisions on the quantity of cores to be collected, the collector needs to consider the transfer price, the recovery yield parameters, the shortage penalty, as well as the salvage value. The purpose of this study is to determine the optimum wholesale price, retail price, and acquisition price and the relevant order or production quantities so that the supply chain's profits can be maximized. In addition we also aim to explore how the change in parameter values affect the decisions along the supply chain and how these decisions subsequently affect their profitability.
Literature review
The importance of pricing strategy in a closed-loop supply chain that concerns remanufacturing has been previously explored in several studies [7, 8, 11] . The results from these studies received positive responses, which can be ascertained through the ever-increasing number of studies on pricing decisions in remanufacturing practices, whether from the perspective of one member or several key members in the supply chain.
There are numerous studies on pricing remanufactured products for profit maximization. For instance, the studies by Ferrer and Swaminathan [12] , Atasu et al. [5] , and Ovchinnikov [13] . Gan et al. [14] search for the optimal price and quantity under a deterministic setting, focus on pricing decisions in a closed-loop supply chain involving manufacturer, retailer and collector of used products (cores). They consider a monopolist of a single item with no constraint on the quantity of remanufacturable cores throughout the selling horizon. Demand functions are deterministic and linear in price; and they represent the short life-cycle patterns along the entire phases of product life-cycle. The objective of the proposed model is to find the optimal wholesale and retail prices for both new and remanufactured products; and the optimal acquisition and transfer prices. Recently, Gan et al. [15] propose a pricing decision model for a closed-loop supply chain involving manufacturer, retailer, and collector, where the remanufactured products are sold via separate sales channel. Furthermore, a problem in pricing and warranty level decisions for new and remanufactured products are also studied [16] . However, the abovementioned studies have not yet considered uncertainty in the recoveryyield while the returned cores are not always economically or technically feasible to remanufacture. Furthermore, they have not considered random demand, while the product life-cycle is short with an obsolescence effect that would increase the demand's uncertainty.
In many cases, remanufacturing is performed by the manufacturer, and so a hybrid system is applied. Pricing models in this setting have been discussed by several authors. Ferrer and Swaminathan [12] study a problem where a manufacturer produces new products during the first period and offers both new and remanufactured products during subsequent periods by utilizing the returned number of used products. The new and remanufactured products are not differentiated but rather are sold in the same market at the same price. Moreover, the proposed models are developed for 2-periods monopoly and duopoly, more than two periods, and the infinite planning horizon. The models aim to find the optimum quantities and prices of new and remanufactured products that will maximize profit. Extending their work, Ferrer and Swaminathan [17] propose a similar scenario, but they differentiated between the prices of new and remanufactured products. Atasu et al. [5] recognize three drivers from demand-related aspects which are competing with the Original Equipment Manufacturer (OEM) directly, having green segment as a the potential market from, and utilizing the speed of market growth. The results confirmed that these three factors have strong interactions and significant impacts on remanufacturing decisions. Furthermore, they manage to show that remanufacturing can be an effective marketing strategy and not merely a cost-saving strategy or an approach to achieving compliance with environmental regulations. In the competition with an OEM's strong brand image, the analysis shows that a remanufacturing strategy could draw more customers. Ovchinnikov [13] proposes a model for finding the optimal profit-maximizing prices and quantities of remanufactured products when both new and remanufactured product are sold side by side. Customer switching behavior was also studied to understand their choices behind buying new or remanufactured products and to identify how large is the fraction of customers who switch from buying new products to remanufactured ones. Shi et al. [18] propose a model to determine the price and quantities of new and remanufactured product, and the used products' acquisition price, which would maximize the total profit of the supply chain. In this model, the price of remanufactured products is not differentiated from new products, and both are sold in the same market. Furthermore, demand and return are both stochastic and price-sensitive. The analysis shows that for a small market size, the optimal strategy is pure remanufacturing. However, for a large market, the best strategy is mixed manufacturing/remanufacturing. The effect of demand uncertainty significantly impacts the production plan and the selling price of new products. Instead, the uncertainty of return affects not only the remanufacturing plan but also the manufacturing plan of new products. Chen and Chang [19] develop a dynamic pricing model for new and remanufactured products under a constrained supply of used products. The model is developed with a static environment as the benchmark and a two-period and multi-period setting over the product life cycle, to determine the optimum prices for maximizing profit. Although the products are differentiated, they are partially substitutable. Another study by Xiong et al. [20] takes into account the lost sales and uncertain quality of used products in developing a pricing model for core product acquisition for remanufacturing companies. In this model, the demand is stochastic and the objective of the model is cost minimization over finite and infinite horizons.
Several studies on pricing decisions from the remanufacturer's point-of-view are mainly focused on the selling price of remanufactured products and the optimal acquisition price of used products [3, 10, 21] , in which the remanufacturer performs both collection and remanufacturing processes. Guide et al. [3] claim that product recovery management is the primary driver determining the profitability of reuse activities. They develop a model to find the optimal selling prices of remanufactured products and the acquisition prices for each quality class of returns, which together maximize the manufacturer's profit. Liang et al. [22] address the problem of collecting used products when there is a random fluctuation in remanufactured products' prices, given the condition that the remanufacturer is required to offer a certain core price to motivate customers to return the used products. The remanufactured products price is presumed to follow the Geometric Brownian Motion. A model is then developed to evaluate the acquisition price of used products. Moreover, they use option principles to further determine the selling price of the remanufactures products. Remanufactured products' prices vary according to market sentiment, thus exhibiting the nature of stocks; hence, the core price shows the characteristics of the options. Other studies, rather than focusing on the effect of acquisition price on the quantity and quality of product returns, focus on the effect of random yield. For example, Bakal and Akcali [10] develop a pricing model to determine the acquisition and selling prices that maximize profit when the supply of used products and the demand for remanufactured parts are deterministic and pricesensitive. They also investigated the effect of random yield by setting different timings for price decisions. The recovery yield refers to the fraction of parts that are remanufacturable, and it can be influenced by used products' acquisition price. The first setting takes the selling price decision after the recovery yield is calculated, and the second setting takes the pricing decision prior to the determination of the recovery yield. Hence, this model simultaneously determines the acquisition and selling prices. Later, Li et al. [21] not only consider the effect of random yield but also random demand. They proposed an optimization model using two-step stochastic dynamic programming. First, they found the optimal selling price to maximize expected revenue and then calculated the collection price that maximizes the utility of the firm. This study is further extended in Li et al. [23] , and they study two sequential decision strategies i.e. First-Remanufacturing-Then-Pricing (FRTP) and First-Pricing-Then-Remanufacturing (FPTR). Therefore, these optimization models attempt to conclude not only the remanufactured product's optimal selling price but also the remanufacturing quantity under conditions of random yield and random demand.
There are several approaches used in the literature that addresses random yield. Zikopoulos and Tagaras [24] study the impact of uncertainty in the quality of product returns when a manufacturer operates a single-period refurbishing process, and propose a unique solution for optimal expected profit. Mukhopadhyay and Ma [25] study the effect of random yield rates by comparing three cases: the deterministic yield rate and the random yield rate with the order placed both before and after the actual yield is observed. Ferguson et al. [26] propose the use of a grading system to tackle uncertainty in return quantity and uncertainty in the demand for remanufactured products. They develop a model with capacitated remanufacturing facilities for remanufacturing when returns have various quality levels. In Roy et al. [27] , the material for remanufacturing process is fed by the defective units from the production system, the rate of defectiveness is uncertain, and is approximated by a constant or fuzzy parameter. Teunter and Flapper [28] consider multiple quality classes and multinomial quality distribution for acquired lots and find that it is necessary to obtain additional used products as safety stock to avoid cost errors. Robotis et al. [29] consider the random quality of returns as the source of uncertainty in remanufacturing costs and propose an inspection environment setting based on the firm's ability to perform a reliable inspection of used products. Wang et al. [30] study a hybrid manufacturing remanufacturing system for a short life-cycle product with stochastic demand and stochastic returned products to get a minimum total cost for the hybrid system. Li et al. [31] propose a hybrid manufacturing remanufacturing model with market-driven acquisition channel and a random remanufacturing yield. They develop two models i.e. sequential and parallel manufacturing/remanufacturing. The analysis of double marginalization effect in decentralized supply chain with uncertain supply is also studied by Li et al. [32] . Another acquisition problem is also addressed by Li et al. [33] where they show that ordering more than what is needed is not always optimal. Then they propose a condition under which this strategy becomes optimal. Qiang et al. [34] provide a finite dimensional variational inequality problem as the governing equilibrium condition in the existence of stochastic demand and a returns yield rate. Ahiska and Kurtul [35] study a stochastic hybrid manufacturing/ remanufacturing system with substitution using a discrete-time Markov Decision process, with stochastic demand and returns. A product substitution strategy and its profitability are studied, and it can be shown that profitability is significantly affected by the remanufactured-product price to manufacturing cost ratio. Li et al. [36] consider an acquisition problem where the quality of product return is uncertain, and the market demand is also stochastic. They study several sorting strategies in remanufacturing-to-stock (RMTS) and remanufacturing-to-order (RMTO) systems. They find that sorting is useless in an RMTS system but useful in RMTO system.
The pricing models within a supply chain that involve several members of the supply chain were also discussed in several studies. Qiaolun et al. [37] consider a supply chain that consists of a manufacturer, a retailer, and a collector. These companies are involved in selling new products, collecting used core products, remanufacturing, and reselling the recovered products. The manufacturer is the Stackelberg leader, and he determines the wholesale price, whereas the retailer and collector decide on the retail price and the acquisition price of the used products. The return rate is influenced by end-customer's willingness, and willingness is affected by the collecting price. Wei and Zhao [38] consider fuzziness in customer demands, remanufacturing costs, and collecting costs in a closed-loop supply chain and use fuzzy theory and game theory to find the optimal retail price, wholesale price, and remanufacturing rate. There are two scenarios considered, namely, centralized and decentralized decision scenarios. Wu [39] uses game theory to investigate the OEM's product design strategy and the remanufacturer's pricing strategy. The OEM has to consider the level of interchangeability in its product design and needs to find the optimal level because increasing the level of interchangeability would decrease the OEM's manufacturing cost and the remanufacturer's cost in the attempt to cannibalize the OEM's product. The remanufacturer evaluates its pricing strategy and decides on either low or high pricing. In this model, the demands for new and remanufactured products are both linear and sensitive to price. Wu [40] , similar to Wu [39] , applies game theory to compute equilibrium decisions when determining the prices of new and remanufactured products and the degree of the disassemblability of the OEM's product design. The OEM risks price competition with the remanufacturer because when the degree of disassemblability is high, it not only reduces the OEM's production cost but also reduces the remanufacturer's recovery cost. The model is constructed for two-period and multi-period problems. Moreover, the demands for new and remanufactured products are both linear and pricesensitive. However, the above studies consider only deterministic or fuzzy demand and do not consider randomness in the demand function. Jena and Sarmah [41] study optimal acquisition price management in a remanufacturing system, considering three schemes of collection: direct, indirect, and coordinated. The model involves a remanufacturer and a retailer and aims to determine the optimum core price that maximizes profit within a single period. This study considers random demand, but only for the remanufactured product. It is our goal to study pricing decisions with random demand for both new and remanufactured products within a closed-loop supply chain.
Our study focuses on the random recovery yield and random demands, and we consider all of the key members of the closed-loop supply chain: the manufacturer, the retailer, and the collector. Therefore, we consider both new and remanufactured products and the pricing decisions made by the above-mentioned members. A sequential decision approach is used in this study to calculate the optimal prices. The rest of this paper is organized as follows. In Section 3, we provide a description of the problem, which includes the process flow, the variables involved, the demand pattern, the definitions of multiple functions, and the decision flows. The development of optimization models for each of the three key members in the closed-loop supply chain is discussed in Section 4. In Section 5, we provide numerical examples and discuss several important factors in the pricing decisions. Finally, our conclusions are presented in Section 6.
Problem description
As depicted in Fig. 1 , we consider a closed-loop supply chain that consists of three members: a manufacturer, a retailer, and a collector. The closed-loop system is initiated by the production of new product, which is sold at a wholesale price P nw to the retailer according to the quantity q n ordered. The new product is then released on the market at a retail price P n . After a certain period of time, some products reach their end-of-use and become the objects of used products collection. The used product is acquired by the collector at a certain acquisition price P c and in a quantity of q c . The collector performs inspection, sorting, and cleaning tasks under a random recovery yield γ. The portions of the collected products that are remanufacturable are then transferred to the manufacturer at a price P f as the inputs for the remanufacturing process. The quantity of remanufactured products made by the manufacturer is dependent on the retailer's original order quantity ( q n ) and the availability of the remanufacturable items. The remanufactured product is then sold to the retailer at a wholesale price P rw and released on the market at a retail price P r .
The product considered in this model is a single short life-cycle item with an obsolescence effect after a certain period, in terms of obsolescence in function and desirability. The demands are random with four time frames that represent the short life-cycle pattern; this is true for both new and remanufactured products, and they have linear prices. The product is a short life-cycle product where the useful life is typically less than 2 years [42] . For these products, a single period is considered reasonable, since the future demand is not guaranteed [43] . Following the assumption in Atasu et al. [5] and Deng and Yang [44] , we assume that the manufacturer declares the price of new product at the beginning of the selling horizon, and does not consider price adjustment when the remanufactured product becomes available. Also, since customers already aware of the price of new product, it is necessary to price the remanufactured product lower than the new product, as an attempt to make remanufactured product attractive to the customers.
As depicted in Fig. 2 , there are four time-frames considered in this model. The first time frame [0, t 1 ] only offers new product on the market, while the second and third time frames, [t 1 , μ] and [μ, t 3 ], offer new and remanufactured products. Both new and remanufactured products are in increasing phase during the second time frame, but are in opposite directions during the third. In the fourth time frame [t 3 , T], new product is no longer manufactured, and remanufactured produce is entering its decline phase. The demand pattern over those time frames are constructed for both the new and the remanufactured product, and the governing functions as in [14] i.e.
t d t V ηV t t t t T where
where d n (t) and d r (t) are the demand patterns for the new and the remanufactured products. U is maximum possible demand for the new product, μ is the time of highest demand, λ is the speed of the change in demand. Parallel definitions are applicable for V, t 3 , d r0 , and η, respectively, for the remanufactured product.
As the demands for the new and the remanufactured products are random and both depend on the price of the new product and the price of the remanufactured product, the demand functions can be expressed as:
where α and β are random variables with density functions f(x) and g (x), respectively, and cumulative distribution functions F(x) and G(x), respectively. The random variable can take an additive form, as in Petruzzi and Dada [45] , Shi et al. [18] , and Jena and Sarmah [41] , or multiplicative forms, as in Li et al. [21] , Cai et al. [46] , and Li et al. [23] . In this study, we use a multiplicative form because the random variable is a non-negative number (as opposed to a real, zero-mean, random variable in the additive form). Furthermore, the random term in a multiplicative form only affects the magnitude of the demand, not the price elasticity of the demand. The demand function information is shared to and by all members of the supply chain. The pricing game mechanism begins with the manufacturer, as the Stackelberg leader, releasing the wholesale prices. This information is used by the retailer, along with an observation of the market demand, in deciding optimal retail prices and product order quantities. Similarly, the collector observes the market demand for the remanufactured product and decides on the optimal acquisition price, taking into consideration the random recovery yield. The remanufacturable-acquired products are then transferred to the manufacturer, who (re)calculates the wholesale prices for both the new and remanufactured products.
List of notations Decision variables All variables are non-negative.
P n : retail price of the new product; P r : price of the remanufactured product; P r ≤ P n P nw : wholesale price of the new product; P nw ≤ P n P rw : wholesale price of the new product; P rw ≤ P r P c
: collection or acquisition price; P c ≤ P f Fig. 1 . Framework of the closed-loop pricing model with a random yield.
Parameters: All parameters are non-negative.
P f : collector to remanufacturer transfer price for the remanufacturable core product q n : retailer's order quantity for the new product q r : retailer's order quantity for the remanufactured product q c : collection quantity d 12 : demand potential of the new product, excluding price sensitivity d 34 : demand potential of the remanufactured product, excluding price sensitivity a : new product's price sensitivity, i.e., the sensitivity of the demand for the new product to a change in the price of the new product b : remanufactured product's cross-price sensitivity, i.e., the sensitivity of the demand for the new product to a change in the price of the remanufactured product c : remanufactured product's price sensitivity, i.e., the sensitivity of the demand for the remanufactured product to a change in the price of the remanufactured product e : new product's cross-price sensitivity, i.e., the sensitivity of the demand for the remanufactured product to a change in the price of the new product α : random variable as the multiplicative uncertainty of the demand for the new product; α ∈ [0, 1] β : random variable as the multiplicative uncertainty of the demand for the remanufactured product; β ∈ [0, 1] γ : random yield of the product's return; γ ∈ [0, 1] n c : unit shortage penalty applied to the collector by the manufacturer n m : unit shortage penalty applied to the manufacturer by the retailer v : unit salvage value c rw : unit raw material cost of producing the new product c m : unit manufacturing cost of producing the new product c r : unit remanufacturing cost of producing and selling the remanufactured product c o : unit collection cost φ : coefficient in the return rate function θ : exponent of the power function in the return rate function, which determines the curve's steepness; θ ∈ [0, 1]
Optimization
The optimization model uses a sequential decision-making approach under the condition of a Stackelberg game, with the manufacturer as the leader. The objective of the pricing model is to maximize the profits of all of the key players through the payment flows, shown in Fig. 3. 
Retailer's optimization
The retailer's pricing decision is very important because the demands are random and price-sensitive, which applies to the prices of both the new product and the remanufactured product. Hence, in our proposed model, the retail prices, together with the demand's random variables, are the determinants of the quantity of demand. As the Stackelberg leader, the manufacturer makes the first move in the game by releasing the initial wholesale prices P nw and P rw . The retailer then optimizes its retail prices through a sequential approach, as presented in (4.1) and (4.2).
First, the retailer computes the optimum quantities of new and remanufactured products (q n , q r ) that maximize its profit under the conditions of random demand for each product, given the predetermined retail prices, (P n , P r ). Then, the optimum quantities are utilized to calculate the optimal retail prices.
As the demands for the new and remanufactured products are random and price-sensitive, the retailer's pricing decision significantly impacts the respective price of each product. Furthermore, the retail prices of both products will determine the size of the demands. The retailer optimizes its retail prices using a sequential approach, as shown in (4.1) and (4.2). First, the retailer calculates the optimum quantities of new and remanufactured products (q n , q r ) that maximize its profit under the conditions of random demand for each product, given the predetermined retail prices (P n , P r ). Then, the optimum quantities are utilized to determine the optimal retail prices. where I n (α) is the total demand over [0, t 3 ] for the new product, which is a function of the random variable α, and I r (β) is the total demand over [t 1 ,T] for the remanufactured product, which is a function of the random variable β. Therefore, .2) under the given (retail) prices P n and P r are:
Rn n r nw n 12 1 (4.7) , and
d dx
1
. The optimal retail prices P* n and P* r are influenced by the price elasticity of demand, and the uncertainty of the respective demands for both the new and remanufactured products. However, when ascertaining the optimal retail prices, it is difficult to provide closed-form solutions. Thus, we utilize a computational approach and leave the analysis to the numerical study.
Collector's optimization
The collector's problem is significantly influenced by the random recovery yield, as only a portion (γ) of the returned used products meets the input requirements of the remanufacturing process. In our model, the quantity of returns q c is influenced by the acquisition price P c ; an approach that has been used in several previous studies, including Qiaolun et al. [37] , Li et al. [21] and El Saadany and Jaber [47] . The collector inspects and sorts the acquired returns and then transfers the remanufacturable items to the manufacturer at a transfer price of P f . Returns that do not meet the quality requirement are discarded.
Because the collector determines the collected quantity of remanufacturable items before the random recovery yield is realized, the actual quantity of remanufacturable items may be higher or lower than the manufacturer's order quantity q r . Therefore, a shortage penalty n c and a salvage value v are incorporated in the model. The recovery yield γ is a random variable with the density function h(x) and the cumulative distribution function H(x).
The governing equation for the collection quantity, as a function of the acquisition price, is given as: which is similar to the return rate used in [37] , where φ is a positive, constant coefficient, and θ ∈[0,1] is the exponent of the power function, which determines the curve's steepness. Therefore, the collector's optimization problem can be expressed as: Proposition 3. The optimal collection quantity for the collector's optimization problem (4.18) is q * c , which satisfies: The optimal collection quantity and price depends on the recovery yield's randomness, the parameters of the collection function, the order quantity of the remanufactured product, and the transfer price, as well as the shortage penalty and the salvage value (if applicable). Because a closed-form solution is difficult to obtain, we use a numerical study to analyze the effects of parameters, such as the yield's randomness.
Manufacturer' optimization
The manufacturer tracks the pricing and quantity policies set by the retailer, as well as the quantity of remanufacturable items supplied by the collector, after the random recovery yield has been realized. Therefore, the manufacturer is not necessarily always able to supply the retailer's order quantities of the remanufactured product because the ability of the manufacturer to meet the retailer's order-quantity is dependent on the ability of the collector to meet the quantity requirements. Consequently, a shortage penalty may be imposed on the subject to (4.9), (4.10), and (4.13)where c rw and c m are the unit raw material cost and the unit manufacturing cost, respectively, for the new product, whereas c r is the remanufacturing cost and n m is the unit shortage penalty. The optimum wholesale prices, P nw * and P rw *, depends on the cost structures, demands' parameters and randomness, yield's randomness, and collection's parameters; which is the attainment of manufacturer's complete information. We use a computational method to find the optimum wholesale prices, and a numerical approach to study the effects of several important factors, such as remanufacturing cost and unit shortage penalty.
Optimization with uniform distribution
We use a uniform distribution for the random variables in the demand functions and the recovery yield. This type of distribution is previously applied in Li et al. [23] and Mukhopadhyay and Ma [25] . This proposition suggests that the collector's best response is affected by shortage penalty, salvage value, transfer price, mean and variance of random yield, and the return rate function. It is also influenced by the variability in demands, both new and remanufactured products. Proposition 6. The manufacturer's best responses for the profit maximization problem (4.14) with uniformly distributed demands and yield factors are: Thus, the manufacturer's best response for new product's price is affected by manufacturing and material costs, as well as price sensitivity. As for the remanufactured product, it is affected by the variability in remanufactured product's demand, price sensitivity, transfer price, shortage penalty, and demand potential.
Furthermore, we could express the problem as a constrained optimization problem: 
Assuming that ∇R 1 , ∇R 2 , and ∇C are linearly independent, and that
, and = C P P q ( , , ) 0 n r c 1 intersect, then the critical points can be found [48] . . The optimization problems are solved using Matlab. We performed sensitivity analyses for several factors that are important for the pricing decision, namely, the unit remanufacturing cost, the manufacturer's shortage penalty, and the parameters of the random yield. The results are shown in Tables 1-7 . We plot the profit functions over the domain of the decision variables, which can be seen in Figs. 4, 5, and 6 for the retailer's, the collector's, and the manufacturer's profit functions, respectively. Table 1 shows that an increase in the remanufacturing cost will lower the profits of the retailer, the manufacturer, and the collector. The corresponding graph is presented in Fig. 7 . As the remanufacturing cost increases, the manufacturer responds by increasing the wholesale price of the remanufactured product and decreasing the quantity produced. Therefore, both the retailer and the manufacturer receive lower profits, but the retailer's profit decreases faster than the manufacturer's.
Numerical example
Similarly, as shown in Table 2 , when the manufacturer's shortage penalty increases, the retailer's, the manufacturer's, and the collector's Table 3 Effects of changes to the mean value of the random yield. Table 5 Effects of changes to the transfer price. profits decrease. In this setting, the manufacturer reacts by simultaneously increasing the wholesale price of the remanufactured product (enough to cover the risk of it receiving shortage penalties) and decreasing the produced quantity of the remanufactured product. Although all parties are hurt by the lowered profits, the retailer's profit decreases faster than the manufacturer's and collector's (see Fig. 8 ). The effect of increasing shortage penalty is more significant than the effect of increasing remanufacturing cost, in terms of lowering the profits. The collector reacts by adjusting the quantities of collected returns, and the manufacturer also responds by producing fewer remanufactured products. The shift in the mean value of the random yield influences the profits received by all three parties in a positive direction, as presented in Table 3 . As the expected value of the random yield increases, a larger portion of the collected used products will meet the remanufacturing requirements. Hence, the probability of supplying less than the order quantity decreases, and the total quantity of the remanufactured product increases. Furthermore, the collection price also increases to escalate the collection quantity as a response to the higher order quantities of the remanufactured product. All of the members' profits increase as the expected value of the random yield increases, as a result of increased order fulfillment and reduced or fewer penalties, as seen in Fig. 9 . Consequently, the collector's percentage profit increase is significantly higher than those of the others because the recovery yield of product returns is isolated to the collector's inspection and sorting process.
A similar argument applies for the variance of the random yield, as shown in Table 4 . An increase in the variance of the random yield is responded to by increasing the remanufactured wholesale price to cover the risk of unused returns, and this action decreases the remanufactured product's quantity significantly, which further hurts the manufacturer's and retailer's profits. It is interesting to note that the collector reacts by a lowering of collection price, hence decreasing the collected returns. Since the collector's expenses depends on collection price, her profit increases quite significantly, as shown in Fig. 10 . The effect of the changes in the prices according to the increase in the variance of the random yield is more notable than that of changes to the mean value. We find that the wholesale and retail prices are more robust against a shift in the mean value of the random yield rather than against a change to the random yield's variance.
The effects of the remanufacturing cost and the shortage penalty are consistent with Li et al. [23] , who demonstrated that an increase in the parameters of the remanufacturing cost and the shortage penalty decreases the optimal quantity of the remanufactured product, reduces the manufacturer's profit, and increases the wholesale price of the remanufactured product. However, in [23] , the effect of the shortage penalty on the remanufacturing quantity is not conclusive, and, such a situation does not occur in our model. In addition to the above results, by analyzing the whole supply chain, we find that the retailer's and collector's profits are also affected by changes to the remanufacturing cost, in terms of the extended effects of the change in remanufacturing quantity.
In collector's optimization problem, there are parameters that are significant to her pricing decision, namely transfer price, collector's shortage penalty, and salvage value. The effects of those parameters can be seen in Tables 5, 6 , and 7, respectively. There is a conflict of interest between the collector and the manufacturer with respect to the transfer price. As manufacturer prefers lower transfer price, collector would pursue higher transfer price. Table 5 and Fig. 11 show that the highest total profit is attained when transfer price is 40. However, when the transfer price is getting too low, 20 for this case, even manufacturer's profit is decreasing. It can be explained by collector's response to decrease the collecting price and it would lower the quantity of collected cores, and further would decrease the number of remanufactured product, regardless the demand.
The collector's shortage penalty has become a driver for the Fig. 4 . The retailer's profit function.
S. 5 (2018) [174] [175] [176] [177] [178] [179] [180] [181] [182] [183] [184] [185] [186] [187] [188] [189] [190] collector to provide sufficient cores. As shown in Table 6 , the higher the penalty, the higher the collector effort which is reflected by higher collection price. However, the collector's profit is decreasing. Therefore, it would not be effective if the manufacturer sets up a high penalty as it would push the collector to withdraw from the business. On the other hand, when the salvage price of product returns is higher, it would benefit the collector as shown in Table 7 . The collector is confident enough to set a higher price for collection to increase the quantity of returns, regardless the yield. These effects can be seen in Fig. 12 .
The price elasticity of the remanufactured product also has a consistent effect, as previously demonstrated in Li's work [21, 23] , which showed that an increase in the price elasticity of the remanufactured product significantly decreases the optimal remanufacturing quantity, the wholesale price, the selling price, and the used product collection price, which, in turn, decreases the total profits of the supply chain. Table 8 shows these results. However, we observed that the effect of an increase in the price elasticity of the remanufactured product on the collector's profit is not conclusive because the collector' profit is significantly influenced by the transfer price. The determination of the transfer price should be a coordinated decision, not one that is decided by one party and then imposed upon the other, as the calculated values of the optimum transfer price for the manufacturer and the collector conflict. When the problem is addressed only from the point-of-view of the manufacturer's problem, the conflict between the optimum transfer price values for the manufacturer and the collector may not be observed. Moreover, the effect of the remanufactured product's elasticity in relation to the new product's pricing can be studied under this model. For example, an increase in the price elasticity of the remanufactured product decreases the new product's wholesale and retail prices, even though the decrease is less significant to those of remanufactured product.
The development of a pricing model that involves three members of a closed-loop supply chain shows a consistent results compared to Li et al. [21] from the manufacturer's point of view. Although Li et al. [21] find that recovery yield randomness does not influence the manufacturer's expected profit, Li et al. [23] show that an increase in the recovery yield's variance can lead to an increase in the price of the remanufactured product, which then decreases the expected quantity and the manufacturer's profit. Interestingly, we show that by involving all of the supply chain members in the pricing decisions, the effect of recovery yield randomness can be mitigated from the increase in the collector's profit. 
Concluding remarks
The pricing decision problem facing a closed-loop supply chain that includes remanufacturing processes under conditions of random yield and random demand is an important problem for which an acceptable solution needs to be determined because this problem significantly affects the profitability of all of the members of the supply chain. Unlike many previous studies, which generally only consider one member of the supply chain, we developed a model that involves three key members-a manufacturer, a retailer, and a collector-of a supply chain that produces, sells, collects returns, remanufactures, and resells a short life cycle product. Fig. 7 . The effect of changes to the remanufacturing cost on the supply chain's profit. Fig. 8 . The effect of changes to the short-age penalty on the supply chain's profit. Fig. 9 . The effect of changes to the yield's randomness on the wholesale price.
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The results suggest that the decisions made by each party in the closed-loop supply chain are affected by a number of factors, including the quality of the random yield, the remanufacturing costs, and the penalties imposed for not meeting the quantity of used products needed for remanufacturing. Subsequently the change in the decision variables will affect the profitability of each player as well as the total profit for the supply chain as a whole. The quality of the random yield in this paper is measured by the mean value of the yield and its variance. A higher yield value means higher percentage of the collected used products that are manufacturable. The results show that higher yield triggers the manufacturer and the retailer to reduce the prices, increase remanufacturing activity and in the end these improve their profitability. An important implication of this result is that, creating a system with better random yield quality is important for the society, i.e., good for those who buy the products and also profitable for those companies working in the supply chain.
When the variance of random yield decreases, total supply chain profit improves. This is sensible as it is generally well perceived that improving consistency is positive for the performance. However, when the optimization is done concurrently among different players, not all players enjoy better profitability. As we presented in the results above, reducing variance of random yield results in lower profit for the collector even though the other players and the whole supply chain are better off. This is an interesting observation and suggesting that any collaboration to achieve higher total profit for the whole system may leave one player in a disadvantage situation. This raised an issue of the importance of benefit sharing mechanism that supports more equitable wealth distribution among the supply chain members, a topic that is critically important for the supply chain research.
The introduction of shortage penalty in our paper is an attempt to entice the collector to get sufficient yields. The availability of recoverable returns is critical to the sustainability of the remanufacturing activity, otherwise the remanufacturing capacity maybe underutilized and the motives of promoting remanufacturing for environmental sustainability may not be attained. Whereas previous studies found the effect of the shortage penalty on the remanufacturing quantity to be inconclusive, we find that an increase in the shortage penalty is responded to by a decrease in the remanufacturing quantity and a reduction in the profits of the manufacturer and the retailer. Our finding does not seem to support our initial objective, as the introduction of shortage penalty is responded by the manufacturer by increasing wholesale price and reducing remanufacturing activity. Future studies should investigate other mechanism for enticing collectors to obtain more recoverable returns and the other players to increase remanufacturing activity. One possibility is to introduce government subsidy, an interesting scenario that future research on remanufacturing should address. Also, coordinated decisions accompanied by information sharing among the supply chain members could improve the supply chain's performance in making pricing decisions that maximize profits for all of the supply chain members. This model could be extended to include coordinated decisions, which would be an important future research agenda.
Finally, in this study we have used the uniform distribution to capture the uncertainty in the random yields. The shortcomings of the uniform distribution is that it may not represent appropriately the characteristics of the random yields. Exploring other probability distribution for the yields is an important direction for future study. , which is the value of the random variable β when = I β q ( ) r r . These variables are similar to the stocking factor in [21] . The first term in (4.2) can be expressed as Simplifying the equations, we find: Thus, the first derivative conditions are: Applying the first derivative condition, we find: 
Optimization problem (4.2) becomes: (A.12)
Now we find optimal prices by solving (4.1) 
0; which yields 
